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Original file Ideal Chomp Game on K-Algebras.sagews

1| # This worksheet was converted from a notebook running Jupyter kernel
2 | # version sage-10.6.
3 | # Sage Worksheet: Check whether the reduction steps in table 2 are correct.
4 | from sage.all import LatexExpr
5
6 | # Function checking the equality of given ideals.
7 | def check_ideals(tuples, M):
8 # tuples: list of tuples (n, PR, I, a), n in N
9 # (the index of the ring PR/I in table 1),
10 # PR a polynomial ring over K, I an ideal of PR,
11 # a € PR an element that is added to I.
12
13 # M: list of tuples (m, PRc, J), m € N
14 # (the index of the ring PRc/J in {R_1, R_4, R_12, R_13, R_17},
15 # the set of local K-algebras up to dim_ K R = 6
16 # where player B wins from table 1,
17 # PRc a polynomial ring over K, J an ideal of PRc.
18
19 # return: list of tuples (n, m, match), where n is the index of ring R_n
20 # that is reduced to R_m and match is true if there exists such an index m,
21 # i.e. if PR/I+(a) = PRc/J for some index m in M.
22
23 results = []
24 for (n, PR, I, a) in tuples:
25
26 # Search in M
27 match = False
28 for (m,PRc, J) in M:
29 if PRc == PR:
30 S = I + PR.ideal(a)
31 if J ==
32 match = True
33 results.append((n,m,match))
34 break
35
36 # no index in M found to which the ring reduces
37 if match == False:
38 results.append((n,0,match))
39
40 return results
41
42 | # Field we work over
43 K = QQ
44
45 | # Polynomial rings in various variables
46 | PR1.<x> = PolynomialRing(K)
47 | PR2.<x,y> = PolynomialRing(K,2)
48 | PR3.<X,Yy,z> = PolynomialRing(K,3)
49 | PR4.<X,Y,z,w> = PolynomialRing(K,4)
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PR5.<X,y,z,W,v> = PolynomialRing(K,5)
PR6.<X,Y,Z,W,V,u> = PolynomialRing(K,6)

# Create M (rings where player B wins in table 1 and their isomorphic analogues with more variables)

I1_1 = PR1l.ideal(x)

I1 2 = PR2.ideal(x,y)

I1 3 = PR3.ideal(x,y,z)

I1 4 = PR4.ideal(x,y,z,w)
I1 5 = PR5.ideal(x,y,z,w,V)
I1 6 = PR6.ideal(x,y,z,w,V,u)

I4_2 = PR2.ideal(x"2, x*y,y~2)
I4 3 1 = PR3.ideal(x"2,x*y,y"2,z)
I4 3 2 = PR3.ideal(y”2,z"2,y*z,x)

ldeal Chomp Game on K-Algebras.sagew s

I4 3 3 = PR3.ideal(x"2, y~2, z"2, x*y, x*z, y*z, x+y)

I4 4 = PR4.ideal(x"2,x*y,y"2,z,w)
I4 5 = PR5.ideal(x"2,x*y,y"2,z,w,V)
I4 6 = PR6.ideal(x"2,x*y,y"*2,z,w,V,u)

I12_2 = PR2.ideal(x”"3,x*y,y"3)

I12 3 1 = PR3.ideal(x"3,x*y,y"3,z)
I12_3_2 = PR3.ideal(y”"3,z"3,y*z,x)
I12_4 = PR4.ideal(x"3,x*y,y"3,z,w)

I12 5 = PR5.ideal(x"3,x*y,y"3,z,w,V)

I12 6 = PR6.ideal(x"3,x*y,y*3,z,w,V,uU)
I13 2 = PR2.ideal(x"2,x*y~2,y"3)

I13_3 = PR3.ideal(x"2,x*y~2,y"3,z)
I13_4 = PR4.ideal(x"2,x*y~2,y"3,z,w)

I13 5 = PR5.ideal(x"2,x*y~2,y"3,z,w,V)
I13 6 = PR6.ideal(x"2,x*y~2,y"3,z,W,V,U)

117_4

PR4.ideal(x"2,y"2,z72,w"2,x*y,x*z,x*w, y*z, y*w, z*w)

I17_5 = PR5.ideal(x"2,y"2,z"2,w"2,x*y,x*z,x*w,y*z,y*w, z*w,Vv)

117_6

M= [(1,PR1,I1 1), (1,PR2,I1_2), (1,PR3,I1_3), (1,PR4,I1_4), (1,PR5,I1_5), (1,PR6,I1 6),

PR6.1ideal (x"2,y"2,z"2,w 2, x*y,x*z,x*w,y*z,y*w, z*w,v,u)

(4,PR2,14_2), (4,PR3,I4 3_1), (4,PR3,14_3 2), (4,PR3,14_3_3), (4,PR4,I4_4), (4,PR5,I1I4_5), (4, PR6,I4 ¢

(12,PR2,112_2), (12,PR3,I12 3 1), (12,PR3,I12_3 2), (12,PR4,I12 4), (12,PR5,I12_5), (12,PR6,12 6),
(13, PR2, I13_2), (13,PR3,I13_3), (13,PR4,I13_4), (13,PR5,I13 5), (13,PR6,I13_6),

(17, PR4, 117_4), (17, PR5, I17_5), (17,PR6,I117_6)]

# Rings where we check if they reduce to one of the rings in M

# R2: K[x]/(x"2)
I2 = PR1.ideal(x"2)
t2 = (2,PR1,I2,X)

# R3: K[x]/(x"3)
I3 = PR1.ideal(x"3)
t3 = (3,PR1,I3,x)

# R5: K[x]/(x"4)
I5 = PR1.ideal(x”"4)
t5 = (5, PR1, I5, X)

# R6: K[x,yl/(x*2, x*y, y”3)
16 = PR2.ideal(x"2, x*y, y”3)
t6 = (6, PR2, 16, y~2)

# R7: K[x,y1/(x*2, y2)
I7 = PR2.ideal(x"2, y~2)
t7 = (7, PR2, I7, x*y)
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# R7*: K[x,y]/(x"2 + y*2, x*y)
I7s = PR2.ideal(x"2 + y"2, x*y)
t7s = (71, PR2, I7s, x"2)

# R8: K[x,y,z]/(x,y,z)"2
I8 = PR3.ideal(x, y, z)"2
t8 = (8, PR3, I8, z)

# R9: K[x]/(x"5)
I9 = PR1.ideal(x”"5)
t9 = (9, PR1, I9, X)

# R10: K[x,y]/(x"2, x*y, y"4)
110 = PR2.ideal(x"2, x*y, y~4)
t10 = (10, PR2, I18, y~2)

# R11: K[x,y]/ (X2 + y"3, x*y)
I11 = PR2.ideal(x"2 + y~3, x*y)
t11 = (11, PR2, I11, y~2)

# R14: K[x,y,z]/(x 2, y 2, x*y, x*z, y*z, z"3)
I14 = PR3.ideal(x"2, y~2, x*y, x*z, y*z, z"3)
t14 = (14, PR3, I14, z)

# R15: K[x,y,z]/(x"2, y*2, z"2, x*y, x*z)
I15 = PR3.ideal(x”"2, y"2, z"~2, x*y, x*z)
t15 = (15, PR3, I15, z)

# R15*%: K[x,y,z]/(x"2, x*y, x*z, y*z, y*2 + z"2)
I15s = PR3.ideal(x"2, x*y, x*z, y*z, y~2 + z"2)
t15s = (151, PR3, I15s, z)

# R16: K[x,y,z]/(x*y, x*z, y*¥z, x*2 + y*2, x"2 + z"2)
I16 = PR3.ideal(x*y, x*z, y*z, x"2 + y*2, Xx"2 + z"2)
t16 = (16, PR3, I16, X)

# R17: K[X,y,z,W]/(X,y,z,w)"2
I17 = PR4.ideal(x, y, z, w)"2
t17 = (17, PR4, I17, X)

# R18: K[x]/(x"6)
I18 = PR1.ideal(x"6)
t18 = (18, PR1, I18, X)

# R19: K[x,y]/(x"2, x*y, y"5)
119 = PR2.ideal(x"2, x*y, y~5)
t19 = (19, PR2, I19, y~2)

# R20: K[x,y]/(x*2 + y*4, x*y)
120 = PR2.ideal(x"2 + y™4, x*y)
t20 = (20, PR2, 120, y~2)

# R21: K[x,y]/(x*y, x"3, y™4)
I21 = PR2.ideal(x*y, x"3, y~™4)
t21 = (21, PR2, I21, y~3)

# R22: K[x,y]l/(x*y, x"3 + y”"3)
I22 = PR2.ideal(x*y, x73 + y~3)
t22 = (22, PR2, I22, x~3)

# R23: K[x,y]/(x"2, x*y~2, y~4)
123 = PR2.ideal(x"2, x*y~2, y~4)
t23 = (23, PR2, 123, y~3)

# R24: K[X,y]/(x"2 + y~3, x*y”r2, y™4)
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I24
t24

PR2.ideal(x 2 + y~3, x*y~2, y~4)
(24, PR2, 124, y3)

# R25: K[x,y1/(x*2, y»3)
I25 = PR2.ideal(x"2, y~3)
125 = (25, PR2, I25, x*y~2)

# R25*: K[x,y]/(x*2 + x*y~2, y~3)
I25s = PR2.ideal(x"2 + x*y”2, y”3)
t25s = (251, PR2, I25s, x"2)

# R25%*: K[x,y]/(x"2, x*y"2 + y”3)
I25ss = PR2.ideal(x"2, x*y~2 + y”3)
t25ss = (252, PR2, I25ss, y~3)

# R26: K[x,y1/(x,y)"3
I26 = PR2.ideal(x, y)"3
t26 = (26, PR2, 126, x*y)

# R27: K[X,y,z]/(x"2, x*y, y*2, x*z, y*z, z"4)
I27 = PR3.ideal(x"2, x*y, y~2, x*z, y*z, z"4)
t27 = (27, PR3, 127, z)

# R28: K[x,y,z]/(x"2, x*y, y*2 + z"3, x*z, y*z, z"4)
I28 = PR3.ideal(x"2, x*y, y~2 + z"3, x*z, y*z, z~4)
t28 = (28, PR3, 128, z)

# R29: K[Xx,y,z]/(x"2, x*y + z"3, y~2, x*z, y*z, z"4)
I29 = PR3.ideal(x”2, x*y + z~3, y~2, x*z, y*z, z"4)
t29 = (29, PR3, I29, z)

# R29*: K[x,y,z]/(x"2 + z"3, x*y, y"2 + z"3, x*z, y*z, z"4)
I29s = PR3.ideal(x"2 + z"3, x*y, y”~2 + z73, x*z, y*z, z"4)

t29s = (291, PR3, I29s, z)

# R30: K[x,y,z]/(x*y, y*z, z"2, y*2 - x*z, x"3)
I30 = PR3.ideal(x*y, y*z, z"~2, y*2 - x*z, x"3)
t30 = (30, PR3, I30, X)

# R31: K[x,y,z]/(x*y, z"*2, x*¥z - y*z, x"2 + y*2 - x*z)

I31 = PR3.ideal(x*y, z"2, x*z - y*z, x*2 + y"2 - x*z)
t31 = (31, PR3, I31, X)

# R31*: K[x,y,z]/(x"2, z"2, y"2 - x*z, y*z)
I31s = PR3.ideal(x"2, z"2, y~2 - x*z, y*z)
t31s = (311, PR3, I31ls, Xx)

# R32: K[x,y,z]/(x*2, x*y, x*z, y"2, y*z"2, z"3)
I32 = PR3.ideal(x"2, x*y, x*z, y”2, y*z”2, z°3)
t32 = (32, PR3, I32, z)

# R33: K[x,y,z]/(x*2, x*y, x*z, y*z, y"3, z"3)
I33 = PR3.ideal(x"2, x*y, x*z, y*z, y~3, z/3)
t33 = (33, PR3, I33, X)

# R34: K[x,y,z]/(x*y, x*z, y*2, z*2, x"3)
I34 = PR3.ideal(x*y, x*z, y~2, z"2, x”3)
t34 = (34, PR3, I34, x +Y)

# R34*: K[x,y,z]/(x*y, x*z, y*z, y*2 - z"2, x"3)
I34s = PR3.ideal(x*y, x*z, y*z, y”2 - z"2, x"3)
t34s = (341, PR3, I34s, X +Y)

# R35: K[x,y,z]/(x*y, x*z, y*z, x*2 + y*2 - z"2)
I35 = PR3.ideal(x*y, x*z, y*z, x*2 + y*2 - z/2)
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t35 = (35, PR3, I35, X + V)

# R36: K[X,y,z]/(x*2, x*y, y*z, y*2 - z"2)
I36 = PR3.ideal(x"2, x*y, y*z, y*2 - z/2)
t36 = (36, PR3, I36, z)

# R36*: K[x,y,z]/(x"2, x*y, y*z, x*z + y*2 - z"2)
I36s = PR3.ideal(x"2, x*y, y*z, x*z + y”2 - z"2)
t36s = (361, PR3, I36s, z)

# R37: K[X,y,z]/(x*2, x*y, y"2, z"2)
I37 = PR3.ideal(x"2, x*y, y"2, z"2)
t37 = (37, PR3, I37, z)

# R37*: K[X,y,z]/(x"2, x*y, y"2, z"2 - x*z)
I37s = PR3.ideal(x"2, x*y, y”2, z"2 - x*z)
t37s = (371, PR3, I37s, z)

# R38: K[x,y,z,w]/(x*2, y*2, z"2, x*y, x*z, x*w, y*z, y*w, z*w, w"3)
I38 = PR4.ideal(x”2, y”2, z~2, x*y, x*z, x*w, y*z, y*w, z*w, w"3)
t38 = (38, PR4, I38, w"2)

# R39: K[x,y,z,w]/(x"2, y*2, z"2, w*2, x*y, x*z, x*w, y*z, y*w)
I39 = PR4.ideal(x”2, y”2, z~2, w2, x*y, x*z, x*w, y*z, y*w)
t39 = (39, PR4, I39, z*w)

# R39*: K[X,y,z,w]/(X"2, y*2, z"2 + w2, x*y, x*z, x*w, y*z, y*w, z*w)
I39s = PR4.ideal(x"2, y~2, z"2 + w2, x*y, x*z, x*w, y*z, y*w, z*w)
t39s = (391, PR4, I39s, z72)

# R4O: K[X,y,z,W]/(x"2, y*2 + z72, y*2 + wr2, x*y, x*z, x*w, y*z, y*w, z*w)
140 = PR4.ideal(x"2, y"2 + z"2, y~2 + wh2, x*y, x*z, x*w, y*z, y*w, z*w)
t40 = (40, PR4, 140, y~2)

# R41l: K[x,y,z,w]/(x"2, y*2, z"2, w*2, x*y - z*w, x*z, x*w, y*z, y*w)
I41 = PR4.ideal(x”2, y"2, z"2, w2, x*y - z*w, x*z, x*w, y*z, y*w)
t41 = (41, PR4, I41, Xx*y)

# RA1*: K[X,Y,Z,W]/(X*2 + y*2, X2 + z"2, X2 + w™2, x*y, x*z, x*w, y*z, y*w, z*w)
I41s = PR4A.ideal(x"2 + y"2, x™2 + z"2, x*2 + w™2, x*y, x*z, x*w, y*z, y*w, z*w)
t41s = (411, PR4, I4ls, x"2)

# R4A2: K[X,Y,Z,W,v]/(X,Y,Z,W,V)"2
I42 = PR5.ideal(x, y, z, w, V)"2
t42 = (42, PR5, 142, v)

tuples = [t2,t3,t5,t6,t7,t7s,t8,t9,t10,
t11,t14,t15,t15s,t16,t18,t19,t20,
t21,t22,123,t24,125,t25s, t25ss,t26,t27,t28,t29,t29s,t30,
t31,t31s,t32,t33,t34,t34s,t35,t36,t36s,t37,t37s,t38, t39, t39s,t40, t41, t41s,t42]

# run checker function
results = check _ideals(tuples,M)

# print
for (n,m,match) in results:
if n < 50:
show(LatexExpr(f"R_{{{n}}}"), " reduces to ", LatexExpr(f"R_{{{m}}}"), ":", match)
elif n % 10 == 1:
N = int(n/10)
show(LatexExpr(f"R_{{{N},*}}"), " reduces to ", LatexExpr(f"R_{{{m}}}"),":",match)
elif n % 10 == 2:
N = int(n/10)
show(LatexExpr(f"R_{{{N},**}}"), " reduces to ", LatexExpr(f"R_{{{m}}}"),":",match)
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Ry

reduces toR;:True

reduces toR;:True

reduces toR;:True

reduces toR;:True

reduces toR;:True

reduces toR;:True

reduces toRy:True

reduces toRy:True

reduces toRy:True

reduces toRy:True

R7x reduces toR4:True
Rr7x reduces toR4:True

reduces toR4:True

reduces toR4:True

reduces toRjp:True

reduces toRjp:True

reduces toR4
reduces toRy
reduces tolRy
reduces toRy
reduces tolRy
reduces toRy
reduces toly

reduces toRy

reduces toRy:

reduces toRy
reduces toR;
reduces toR;
reduces toRy

reduces toRy

reduces toRy:

reduces toRy
reduces toRj,
reduces toR,
reduces toRj,
reduces toRjs
reduces toRi3
reduces toRj3
reduces toR;3
reduces toRj3

reduces toR;3

reduces toRj3:

reduces toRjs

reduces toRy:
reduces toRy:
reduces toRy:
reduces toRy:
reduces toRy:

reduces toRy:

:True
:True
:True
:True
:True
:True
:True
:True
Ri5+ reduces toR4:True

Ri54 reduces toR;:True

True

:True
:True
:True
:True

:True

True

:True

:True
:True
:True
:True
:True
:True
:True
:True
:True

True

Ry, reduces toR;3:True
Rys, reduces toR3:True
Rys5 . reduces toR;3:True
Ry .« reduces toR;3:True

Rss reduces toRjs:True

:True
True
True
True
True
True

True

Ryy, reduces toR,:True
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Ry, reduces toR,:True
R3p reduces toR;:True
R3y reduces toR4:True
R3; reduces toR;:True
R3; reduces toR,:True
R31, reduces toR,:True
R31 . reduces toR4:True
R3y reduces toR4:True
R3> reduces toR,:True
R33 reduces toRjs:True
R33 reduces toRjs :True
R34 reduces toR4:True
R34 reduces toR,:True
Ry, reduces toR,:True
R3y, reduces toR,:True
Rs3; reduces toR4:True
R35 reduces toR;:True
R3¢ reduces toR,:True
R3s reduces toR,:True
R, reduces toRy:True
Rss, reduces toR,:True
R3; reduces toRs:True
R3; reduces toR4:True
R37+ reduces toR4:True
R37+ reduces toR4:True
R3s reduces toRi7:True
R3s reduces toRi7:True
R39 reduces toRi7:True
R39 reduces toRi7:True
R39x« reduces toRir:True
R39« reduces toRi7:True
Ry reduces toRi7:True
Ry reduces toRi7:True
Ry reduces toRi7:True
Ry reduces toRi7:True
Ryx reduces toRi7:True
Ry s reduces toRi7:True
Ry reduces toRi7:True

R4y reduces toRi7:True
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